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Abstract
The author introduces a new numerical measure for uniform distribution of sequences in [0, 1)s , called
weighted b-adic diaphony. It is proved that the computing complexity of the weighted b-adic diaphony of an
arbitrary net, composed of N points in [0, 1)s , is O(sN2). As special cases of the weighted b-adic diaphony
we obtain some well-known kinds of the diaphony.An analogy of the inequality of Erdös–Turan–Koksma is
given. We introduce the notion of limiting weighted b-adic diaphony, based on the Walsh functional system
over ﬁnite groups as a characteristic of the behaviour of point nets in [0, 1)∞. A general lower bound of
the limiting weighted b-adic diaphony of an arbitrary net of N points in [0, 1)∞ is proved. We introduce a
class of weighted Hilbert space and prove a connection between the worst-case error of the integration of
this space and the weighted b-adic diaphony.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let s1 be a ﬁxed integer and  = (xn)n0 an arbitrary sequence of points in the s-dimensional
unit cube [0, 1)s . For each integer N1 and an arbitrary subinterval J of [0, 1)s with a volume
(J ), we denote by AN(; J ) the number of the points xn of the sequence  whose indexes n
satisfy the inequalities 0nN − 1, and belong to the interval J . The sequence  is called
uniformly distributed in [0, 1)s if the equation limN→∞ N−1AN(; J ) = (J ) holds for every
subinterval J of [0, 1)s .
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The examination of numerical measures for the irregularity of the distribution of sequences in
[0, 1)s is of interest for the quantitative theory of the uniform distribution of sequences. In general,
the discrepancy and the diaphony are quantitative measures for the irregularity of the distribution
of sequences in [0, 1)s . For each integer N1 the extreme discrepancy DN() and the mean
square discrepancy TN() of the ﬁrst N elements of the sequence  are deﬁned, respectively, as
DN() = sup
J⊆[0,1)s
∣∣∣∣AN(; J )N − (J )
∣∣∣∣
and
TN() =
(∫
[0,1)s
∣∣∣∣AN(; [0, 1) × · · · × [0, s))N − 1 . . . s
∣∣∣∣2 d1 . . . ds
)1/2
.
Using the trigonometric functional system
T =
⎧⎨⎩ exp(2i〈h, x〉) : h = (h1, . . . , hs) ∈ Zs ,
x = (x1, . . . , xs) ∈ [0, 1)s, 〈h, x〉 =
s∑
j=1
hjxj
⎫⎬⎭ ,
Zinterhof [24] introduces the notion of “classical” diaphony. For each integer N1 the diaphony
FN(T; ) of the ﬁrst N elements of the sequence  = (xn)n0 in [0, 1)s is deﬁned as
FN(T; ) =
⎛⎝ ∑
h∈Zs ,h =0
R−2(h)
∣∣∣∣∣ 1N
N−1∑
n=0
exp(2i〈h, xn〉)
∣∣∣∣∣
2⎞⎠1/2 ,
where for each vector h = (h1, . . . , hs) ∈ Zs R(h) = ∏sj=1 max(1, |hj |).
Let b2 be an arbitrary ﬁxed integer. The link, which is realized in the process of studying
sequences in [0, 1)s , constructed in the b-adic number system, and some orthonormal functional
systems on [0, 1)s , constructed in the b-adic number system, too, is quite natural.
Following Chrestenson [2], we will recall the concept of theWalsh functional system in base b.
For a non-negative integer k and a real x ∈ [0, 1) with the b-adic representations k = ∑i=0 kibi
and x = ∑∞i=0 xib−i−1, where for i0 ki, xi ∈ {0, 1, . . . , b−1}, k = 0, and for inﬁnitely many
values of i xi = b − 1, the kth function of Walsh in base b bwalk : [0, 1) → C is deﬁned as
bwalk(x) =
∏
i=0
exp
(
2i
kixi
b
)
.
The setW(b) = {bwalk : k = 0, 1, . . .} is called the Walsh functional system in base b and the
setW(2) is the original Walsh [23] functional system in base 2.
Let N be the set of the positive integers and N0 = N ∪ {0}. For an arbitrary vector k =
(k1, . . . , ks) ∈ Ns0 the kth function of Walsh in base b is deﬁned as
bwalk(x) =
s∏
j=1
bwalkj (xj ), x = (x1, . . . , xs) ∈ [0, 1)s .
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In Grozdanov and Stoilova [11] for each integer N1 the so-called b-adic diaphony
FN(W(b); ) of the ﬁrst N elements of an arbitrary sequence  = (xn)n0 of points in [0, 1)s is
deﬁned as
FN(W(b); ) =
⎛⎝ 1
(b + 1)s − 1
∑
k∈Ns0,k =0
(k)
∣∣∣∣∣ 1N
N−1∑
n=0
bwalk(xn)
∣∣∣∣∣
2⎞⎠1/2 ,
where for each vector k = (k1, . . . , ks) ∈ Ns0
(k) =
s∏
j=1
(kj ), (1)
and for each integer k0
(k) =
{
1 if k = 0,
b−2g ∀k bgk < bg+1, g0, g ∈ Z. (2)
It is well-known that the sequence  of points in [0, 1)s is uniformly distributed if and only
if any (and hence all) of the following equations limN→∞ DN() = 0, limN→∞ TN() = 0,
limN→∞ FN(T; ) = 0 and limN→∞ FN(W(b); ) = 0 holds, so the extreme discrepancy,
the mean square discrepancy, the “classical” diaphony and the b-adic diaphony are numerical
measures for the distribution of sequences in [0, 1)s .
Using the construction and the properties of the functions of well-known classes of orthonormal
functional systems such as theWalsh functional system in base b and theWalsh functional system
over ﬁnite groups (seeDeﬁnition 2),wewill consider an arbitrary complete orthonormal functional
system, constructed in the b-adic number system with special properties of the distribution of the
values of the functions of this system. For this purpose we consider the set Zb = {0, 1, . . . , b−1}
and put Gb = Zb × Zb × · · ·, so
Gb = {x˘ = (x0, x1, . . .) : i0 xi ∈ Zb}.
Generally, we deﬁne the operation “addition”Gb : Gb × Gb → Gb, which we will express in
a concrete form in each of the considered examples, and obtain the group of the b-adic integers
(Gb;Gb ). The term of the group of b-adic integers already has a meaning as the ring of integers
in the ﬁeld of the b-adic numbers Qb.
For each x˘ ∈ Gb we deﬁne the open sets In(x˘) as follows: I0(x˘) = Gb and for an arbitrary
integer n1 let In(x˘) = {y˘ ∈ Gb : 0 in− 1, yi = xi}. We will call these sets b-adic intervals
on Gb. The set {In(x˘) : n0, x˘ ∈ Gb} gives a topology on Gb.
If we agree to use only ﬁnite representations for the b-adic rationals, then each real x ∈ [0, 1)
with the b-adic representation x = ∑∞i=0 xib−i−1, where for i0, xi ∈ Zb and for inﬁnitely
many values of i xi = b− 1, uniquely determines the sequence x˘ = (x0, x1, . . .) ∈ Gb. Thus, we
can deﬁne the transformation  : [0, 1) → Gb through the formula
(x) = x˘ ≡ (x0, x1, . . .).
Let G′b be the subset of Gb obtained by removing all sequences which are identically b − 1 from
some point on. It is clear that  is a bijection from the interval [0, 1) intoG′b. Hence, we can deﬁne
the inverse transformation −1 : G′b → [0, 1).
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By using the transformation , we can transfer the group operation Gb from the group
Gb to the interval [0, 1) in the following way: for each pair x, y ∈ [0, 1) we deﬁne
xy = −1((x)Gb(y)) and respectively xy = −1((x)Gb(y)), with the conditions
(x)Gb(y) ∈ G′b and (x)Gb(y) ∈ G′b. It is evident that xy and xy are not deﬁned
for each pair x, y ∈ [0, 1). If for every ﬁxed y ∈ [0, 1) we deﬁne Iy = −1
(
G′bGb(y)
)
and,
respectively, Iy = −1(G′bGb(y)), then xy and xy are deﬁned for all x ∈ Iy . In the case
when y is a b-adic rational, we have that Iy = [0, 1).
We consider an arbitrary sequence of characters
{0(x˘), 1(x˘), 2(x˘), . . .},
so for each integer i0 the functions i : Gb → C satisfy the conditions:
(a) |i (x˘)| = 1, ∀x˘ ∈ Gb
and
(b) i
(
x˘Gb y˘
)
= i (x˘) · i (y˘), ∀x˘, y˘ ∈ Gb.
Following Gat [8], let us suppose that for each integer i0 the characters i (x˘) be
Ai+1 measurable, i.e.
(c) for all sequence x˘ = (x0, x1, . . .) ∈ Gb i (x˘) depends only on (x0, x1, . . . , xi).
For each integer i0 we deﬁne the function ri : [0, 1) → C as
ri(x) ≡ i (x˘) = i ((x)), x ∈ [0, 1).
We will deﬁne a functional system
F(b) = {f0(x), f1(x), f2(x), . . . ; x ∈ [0, 1)}
of complex-valued functions in the following way: we set f0(x) ≡ 1, x ∈ [0, 1). For each
integer g0 and an arbitrary integer k such that bgk < bg+1 with the b-adic representation
k = ∑gi=0 kibi , where for 0 ig have ki ∈ {0, 1, . . . , b − 1} and kg = 0, we put
fk(x) =
g∏
i=0
[ri(x)]ki , x ∈ [0, 1), (3)
where for 0 ig we set
[ri(x)]ki = i ((x)Gb . . .Gb(x)︸ ︷︷ ︸
ki-terms
) if ki = 0,
and when ki = 0 we set [ri(x)]ki = 1.
By the above property (c) forAi+1 measurable of the characters i (x˘) (0 ig), we can set
fk(x) = Ck(x0, x1, . . . , xg−1, xg),
where Ck(x0, x1, . . . , xg−1, xg) are constants.
Finally, for each integer g0 we demand that the equations
(d1)
b−1∑
	=0
Ck(x0, x1, . . . , xg−1, 	) = 0
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and
(d2)
b−1∑
	=0
Ck(x0, x1, . . . , xg−1, 	)Cl(x0, x1, . . . , xg−1, 	) = 0
hold for each x˘(g) = (x0, x1, . . . , xg−1) and, respectively, for each integer k such that bgk <
bg+1 and for integers k and l such that bgk, l < bg+1, and k = l.
The conditions (a)–(c), (d1) and (d2) give that for each integer k0 the functions fk are
complete with respect to theL2-norm and the systemF(b) is an orthonormal basis ofL2([0, 1)).
The following conditions:
(C1) xy is not a b-adic rational,
(C2) x and y are b-adic rationals,
and the properties (a) and (b) imply that the equations
fk(xy) = fk(x) · fk(y) and fk(xy) = fk(x) · fk(y) (4)
hold for each integer k0 and for ∀x, y ∈ [0, 1).
For an arbitrary vector k = (k1, . . . , ks) ∈ Ns0 we deﬁne the kth function fk(x) as
fk(x) =
s∏
j=1
fkj (xj ), x = (x1, . . . , xs) ∈ [0, 1)s .
Owen [18] gives an idea for obtaining multiresolution of L2(R), based on the b-adic Haar
functions. The b-adic Haar multiresolution of L2(R) is restricted to L2([0, 1)) and extended
to L2([0, 1)s) through modifying the extension technique, which is similar to one given by
Daubechies [3].
Pirsic [19] introduces the concept of digital orthonormal bases in base b and uses these bases
as a tool in numerical integration. Following this terminology, we note that for each integer k1,
such that bgk < bg+1 for some integer g0 the functions fk are digital step functions in base
b and resolution g, and the functional system F(b) is a digital orthonormal basis in base b. In
addition we note the fact that the property (d1) of the functions of the systemF(b) is equivalent
to the equation, given in Deﬁnition 2 of Pirsic [19].
The functional systems introduced in Owen [18] and Pirsic [19] are used in the theory of quasi-
Monte Carlo integration. The main idea of this application is the rate of convergence of the Fourier
coefﬁcients with respect to the considered functional systems.
The functions of the systemF(b)must be “convenient” regarding the following considerations:
to calculate the Fourier coefﬁcients of the function 
b(, ; ·), constructed in Theorem 2. The
equations given in (4) both are used to prove Theorem 2 and to draw the form of the weighted
b-adic diaphony, shown in Deﬁnition 1. Regarding Eq. (3), we suggest the analytical construction
of the functions fk , as a product of the powers of the characters of the group (Gb;Gb ).
For multivariate numerical integration Sloan and Woz´niakowski [21] propose to arrange the
coordinates x1, x2, . . . , xs of the functions, which are integrated, and respectively, the coordinates
of the point nets which we use in the process of the numerical integration, in such a way that x1
is the most important coordinate, x2 is the next, and so on, and to quantify this by associating
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nonincreasing real weights 1, 2, . . . , s to the successive coordinate direction. The weighted
discrepancy and the mean square weighted L2 discrepancy are also introduced as numerical
measures for the irregularity of the distribution of sequences in [0, 1)s .
Dick andPillichshammer [4] investigate themean squareweightedL2 discrepancywith respect
to some (t, m, s)-nets over Z2.
In many applications we need high dimensional point nets which are well distributed. In order
to investigate the behaviour of such point nets in very high dimension Sloan and Woz´niakowski
[21] introduce the notion of limiting discrepancy. Dick and Pillichshammer [5] introduce the
notion of limiting dyadic diaphony which is based on the Walsh functions in base 2.
In order to solve some problems of the tractability of the multivariate integration, Dick and
Pillichshammer [6] introduce the weighted Hilbert space Hwal,, which is based on the Walsh
functions in base b and depends on a vector  with nonincreasing positive weights. The Hilbert
space Hwal, introduced by Dick and Pillichshammer [7] is a special case of the weighted Hilbert
space Hwal,. It is proved that the worst-case error e(Hwal;PN) of the integration in the space
Hwal using an arbitrary net PN of points in [0, 1)s and the b-adic diaphony F(W(b);PN) of the
net PN are related by the equation
e(Hwal;PN) =
√
(1 + b)s − 1 · F(W(b);PN).
The next problems arise quite naturally:
1. For an arbitrary sequence  of points in [0, 1)s to deﬁne a new kind of diaphony, which is
based on the introduced systemF(b) and depends on an arbitrary real  > 1 and a vector 
with nonincreasing positive weights.
2. To introduce the notion of limiting weighted b-adic diaphony which is based on the Walsh
functional system over ﬁnite abelian groups (see Deﬁnition 2) as a tool for researching the
behaviour of point nets in [0, 1)∞.
3. To deﬁne a weighted Hilbert spaceHF(b),s,, which is based on the systemF(b) and depends
on parameters  and  and to express the worst-case error e(HF(b),s,,;PN) of the integration
of the weighted Hilbert space HF(b),s,, with respect to an arbitrary point net PN through the
weighted b-adic diaphony of the net PN .
2. The weighted b-adic diaphony
In order to give the form of the so-called “weighted b-adic diaphony” we will use parameters
 and . The ﬁxed real  > 1 will characterize the rate of decay of the Fourier coefﬁcients of a
special function 
b(, ; ·), constructed in Theorem 2. This function will play an important role
for deﬁning the notion of weighted b-adic diaphony. In order to characterize the importance of
the different coordinates of the point nets in [0, 1)s , we will use the parameters (or “weights”)
 = (1, 2, . . . , s), where 12 · · · s > 0.
In the next deﬁnition we will give the concept of the weighted b-adic diaphony:
Deﬁnition 1. Let b2 be an arbitrary ﬁxed integer, >1 an arbitrary real and =(1, 2, . . . , s),
where 12 · · · s > 0 is a vector of arbitrary real weights.
For each integer N1 the weighted b-adic diaphony FN(F(b); , ; ) of the ﬁrst N ele-
ments of the sequence  = (xn)n0 of points in [0, 1)s with respect to the system F(b) is
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deﬁned as
FN(F(b); , ; )
=
⎛⎝ 1∏s
j=1[1+jb()]−1
∑
k∈Ns0,k =0
rb(, ;k)
∣∣∣∣∣ 1N
N−1∑
n=0
fk(xn)
∣∣∣∣∣
2⎞⎠1/2 ,
where for each vector k = (k1, . . . , ks) ∈ Ns0 the coefﬁcient rb(, ;k) =
∏s
j=1 rb(, j ; kj ),
for each integer k0 and an arbitrary real  > 0 the coefﬁcient rb(, ; k) is deﬁned as
rb(, ; k) =
{
1 if k = 0,
b−g ∀k, bgk < bg+1, g0, g ∈ Z
and b() = (b−1)b

b−b .
The fact that the weighted b-adic diaphony is a quantitative measure for uniform distribution
of sequences in [0, 1)s is given with the next theorem:
Theorem 1. The sequence  = (xn)n0 of points in [0, 1)s is uniformly distributed if and only
if the equation
lim
N→∞ FN(F(b); , ; ) = 0
holds for an arbitrary real  > 1 and an arbitrary vector  with nonincreasing positive weights.
For an arbitrary integer g1 we deﬁne the sets
Cs(b
g) = {k = (k1, . . . , ks) ∈ Ns0 : 1js, 0kj < bg}
and
C∗s (bg) = Cs(bg) \ {0}.
For each integer N1 and each vector k ∈ Ns0 let
SN(fk; ) = 1
N
N−1∑
n=0
fk(xn)
denote theWeyl sum of the sequence with respect to the function fk. In the next corollarywewill
give an upper bound of the weighted b-adic diaphony FN(F(b); , ; ) in the terms of the Weyl
sum SN(fk; ) over ﬁnite domain C∗s (bg), the so-called inequality of Erdös–Turan–Koksma.
Corollary 1. Let  be an arbitrary sequence of points in [0, 1)s . Then, for each integer g1 the
inequality
F 2N(F(b); , ; ) 
1∏s
j=1[1 + jb()] − 1
∑
k∈C∗s (bg)
rb(, ;k)|SN(fk; )|2
+ s1b()[1 + 21b()]
s−1∏s
j=1[1 + jb()] − 1
1
bg(−1)
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holds for each integer N1, an arbitrary real  > 1 and an arbitrary vector of real weights
 = (1, 2, . . . , s), where 12 · · · s > 0.
The b-adic logarithm of x ∈ [0, 1) will be denoted by logb x. If x has the b-adic representation
x = xg−1
bg
+ xg
bg+1 + · · ·, where for ig − 1 xi ∈ {0, 1, . . . , b − 1} and xg−1 = 0, then the integer
part of logb x is given as logb x = −g.
Theorem 2. For an arbitrary ﬁxed integer b2 and arbitrary reals  > 1 and  > 0 we deﬁne
the function
b(, ; x) =
[1 + (b − 1)]b − b
b − b − 
b(b − 1)
b − b b
(−1)logb x, x ∈ [0, 1).
For an arbitrary vector of real weights  = (1, 2, . . . , s), where 12 · · · s > 0, we
deﬁne the function

b(, ; x) = −1 +
s∏
j=1
b(, j ; xj ), x = (x1, . . . , xs) ∈ [0, 1)s .
Let for each integer N1 N = {x0, x1, . . . , xN−1} be an arbitrary net, composed of N points
in [0, 1)s , such that for 0nN−1 the coordinates of all points xn satisfy the conditions (C1) or
(C2), in particular, the coordinates of all points are b-adic rationals. Then, the weighted b-adic
diaphony F(F(b); , ; N) of the net N satisﬁes the equation
F 2(F(b); , ; N) = 1∏s
j=1[1 + jb()] − 1
1
N2
N−1∑
n=0
N−1∑
m=0

b(, ; xnxm).
3. Examples
In the next examples from the deﬁnition of the weighted b-adic diaphony for a special choice
of the parameters  and  and a concrete orthonormal functional system on [0, 1) we will give the
form of the corresponding diaphony. We preliminarily note the fact that the considered functional
systems in the next examples satisfy the conditions (a), (b), (c), (d1) and (d2).
Example A (The general diaphony). Let us choose the parameters =2 and =1=(1, . . . , 1).
From Deﬁnition 1 for an arbitrary sequence  = (xn)n0 of points in [0, 1)s we obtain the
so-called general diaphony
FN(F(b); 2, 1; ) =
⎛⎝ 1
(b + 1)s − 1
∑
k∈Ns0,k =0
(k)
∣∣∣∣∣ 1N
N−1∑
n=0
fk(xn)
∣∣∣∣∣
2⎞⎠1/2 ,
where for each vector k ∈ Ns0 the coefﬁcient (k) is deﬁned through Eq. (1) and the one-
dimensional coefﬁcients (k) are deﬁned through Eq. (2). The general diaphony was introduced
in Grosdanov and Stoilova [12].
Example B (The generalized b-adic diaphony). Larcher et al. [16] introduce the Walsh func-
tional system over ﬁnite abelian groups. Larcher and Pirsic [17] use this functional system to
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solve some problems of the multivariate numerical integration. We will recall the concept of the
Walsh functional system over ﬁnite abelian groups.
For each integer b2 let (G,G) be an arbitrary ﬁnite abelian group of order b, deﬁned by
the following way: let for some integer m1
G = Zb1 × · · · × Zbm,
where for 1 lm we have that bl2 are ﬁxed integers and Zbl = {0, 1, . . . , bl − 1}. Let for
1 lm the operationbl : Zbl × Zbl → Zbl be the summation mod bl of the elements of the
set Zbl and (Zbl ,bl ) is the discrete cyclic group of order bl .
For each pair g = (g1, . . . , gm) ∈ G and y = (y1, . . . , ym) ∈ G let the operation G :
G × G → G be deﬁned by gGy = (g1b1y1, . . . , gmbmym).
Let  : {0, 1, . . . , b − 1} → G be an arbitrary bijection with the condition (0) = 0. For
arbitrary b-adic digits,  ∈ {0, 1, . . . , b−1} the operationb : {0, 1, . . . , b−1}×{0, 1, . . . , b−
1} → {0, 1, . . . , b − 1} is deﬁned by b = −1(()G()).
Let us denote {0, 1, . . . , b − 1} = Zb, again Gb = Zb × Zb × · · · and the operationGb be
deﬁned by: for each pair x˘ = (x0, x1, . . .) ∈ Gb and y˘ = (y0, y1, . . .) ∈ Gb we put x˘Gb y˘ =
(x0by0, x1by1, . . .) ∈ Gb.
For g, y ∈ G let the character g(y) be deﬁned as g(y) =
∏m
l=1 exp(2i(glyl/bl)).
Deﬁnition 2. For an arbitrary integer k0 and a real x ∈ [0, 1) with the b-adic representations
k = ∑i=0 kibi and x = ∑∞i=0 xib−i−1, where for i0 ki, xi ∈ {0, 1, . . . , b − 1}, k = 0 and
for inﬁnitely many values of i xi = b − 1 the function G,walk : [0, 1) → C is deﬁned in the
following way:
G,walk(x) =
∏
i=0
(ki ) ((xi)) .
The set WG, = {G,walk : k = 0, 1, . . .} is called the Walsh functional system over the
ﬁnite group G with respect to the bijection  and is a complete orthonormal functional system on
L2([0, 1)).
Let us in Example A replace the systemF(b) with the Walsh functional system over the ﬁnite
group G with respect to the bijection WG,. Then, for an arbitrary sequence  = (xn)n0 of
points in [0, 1)s we obtain the so-called generalized b-adic diaphony
FN(WG,; ) =
⎛⎝ 1
(b + 1)s − 1
∑
k∈Ns0,k =0
(k)
∣∣∣∣∣ 1N
N−1∑
n=0
G,walk(xn)
∣∣∣∣∣
2⎞⎠1/2 ,
where for each vector k ∈ Ns0 the coefﬁcient (k) is deﬁned through Eq. (1) and the one-
dimensional coefﬁcients (k) are deﬁned through Eq. (2). The generalized b-adic diaphony was
introduced in Grozdanov et al. [10].
The Walsh functional system in base bW(b) is obtained from the systemWG, in the case
when m = 1, G = Zb, and  is the identity of the set Zb in itself. The operationGb is deﬁned
in the following way: for each pair x˘ = (x0, x1, . . .) ∈ Gb and y˘ = (y0, y1, . . .) ∈ Gb we put
x˘Gb y˘ = ((x0 + y0) mod b, (x1 + y1) mod b, . . .) ∈ Gb.
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Let us in the deﬁnition of the generalized b-adic diaphony replace the systemWG, with the
systemW(b). Then, for an arbitrary sequence  of points in [0, 1)s we obtain the so-called b-adic
diaphony FN(W(b); ). The b-adic diaphony was introduced in Grozdanov and Stoilova [11].
Let us in the deﬁnition of the generalized b-adic diaphony replace the systemWG, with the
original Walsh functional system in base 2. Then, for an arbitrary sequence  of points in [0, 1)s
we obtain the so-called dyadic diaphony FN(W(2); ). The dyadic diaphony was introduced by
Hellekalek and Leeb [13].
Example C (The Vilenkin-like diaphony). Following Hewitt and Ross [14], Schipp and Wade
[20], we will show another complete orthonormal functional system on [0, 1). Let the arbitrary
reals x, y ∈ [0, 1) have the b-adic representations x = ∑∞i=0 xib−i−1 and y = ∑∞i=0 yib−i−1,
where for i0 xi, yi ∈ Zb. Let x˘ = (x0, x1, . . .) ∈ Gb and y˘ = (y0, y1, . . .) ∈ Gb be the
corresponding sequences through the transformation . We denote x˘Gb y˘ = z˘ = (z0, z1, . . .),
where the elements of the sequence z˘ are deﬁned in the next recursive way: z0 is deﬁned by the
equation x0 + y0 = t0b + z0, where t0 ∈ N0 and z0 ∈ Zb. We suppose that for some integer
0 (z0, . . . , z) and (t0, . . . , t) have already been deﬁned. Then, we deﬁne z+1 through the
equation x+1 + y+1 + t = t+1b + z+1, where t+1 ∈ N0 and z+1 ∈ Zb. Then, we put
xy = ∑∞i=0 zib−i−1.
For each integer i0 and x ∈ [0, 1) with the b-adic representation x = ∑∞=0 xb−−1 the
function rli(x) is deﬁned as
rli(x) = exp
(
2i
(xi
b
+ xi−1
b2
+ · · · + x0
bi+1
))
.
For each integer k0 with the b-adic representation k = ∑g=0 kb, where for 0g k ∈{0, 1, . . . , b − 1} and kg = 0 the function vk(x) is deﬁned as
vk(x) =
g∏
i=0
[rli(x)]ki , x ∈ [0, 1),
where for
0 ig [rli(x)]ki = rli(x · · ·x︸ ︷︷ ︸
ki-terms
)
if ki = 0 and [rli(x)]ki = 1 if ki = 0. Let us denote the notationV(b) = {vk : k = 0, 1, . . .}.
Gat [8] describes a very wide class of orthonormal functions, the so-called Vilenkin-like func-
tional system. We note that the setV(b) is a special case of the Vilenkin-like system.
From Example A, when we replace the system F(b) with the system V(b) for an arbitrary
sequence  of points in [0, 1)s , we obtain the so-called Vilenkin-like diaphony
FN(V(b); ) =
⎛⎝ 1
(b + 1)s − 1
∑
k∈Ns0,k =0
(k)
∣∣∣∣∣ 1N
N−1∑
n=0
vk(xn)
∣∣∣∣∣
2⎞⎠1/2 ,
where for each vector k ∈ Ns0 the coefﬁcient (k) is deﬁned through Eq. (1) and the one-
dimensional coefﬁcients (k) are deﬁned through Eq. (2). The Vilenkin-like diaphony was intro-
duced in Grozdanov and Stoilova [12].
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4. The limiting weighted b-adic diaphony
To explain the notion of limiting weighted b-adic diaphony which is based on the Walsh func-
tional system over the ﬁnite abelian group G with respect to the bijection  we need some
preliminary results. For each pair g = (g1, . . . , gm) ∈ G and y = (y1, . . . , ym) ∈ G we de-
ﬁne the operation G : G × G → G as gGy = (g1b1y1, . . . , gmbmym), where for
1 lm the operations bl are the additive inverse to the additions bl . Then, for arbitrary
b-adic digits ,  ∈ Zb the operation b : Zb × Zb → Zb is deﬁned in the following way:
b = −1(()G()).
Lemma 1. Let x, y ∈ [0, 1) with the b-adic representations x = ∑∞i=0 xib−i−1 and y =∑∞
i=0 yib−i−1, where for i0 xi, yi ∈ Zb and for inﬁnitely many values of i xi, yi = b − 1
are arbitrary reals. We deﬁne xy = ∑∞i=0(xibyi)b−i−1.
For an arbitrary integer g0 we deﬁne the kernel
Dg(x, y) =
bg+1−1∑
k=bg
G,walk(xy).
Then, the following statements hold:
(i) For each integer g0 the equations
Dg(x, y) =
⎧⎨⎩
0 if exists an index i, i ∈ {0, 1, . . . , g − 1} that xi = yi,
(b − 1)bg if for each i ∈ {0, 1, . . . , g} xi = yi,
−bg if for each i ∈ {0, 1, . . . , g − 1} xi = yi and xg = yg
hold, and if g = 0 we suppose that {0, 1, . . . , g − 1} = ∅.
(ii) For an arbitrary real  > 1 we deﬁne the function
h
G,wal(; x, y) =
{
b() if x = y,
b() − b(1−)i0(b() + 1) if x = y,
as when x = y, we denote by i00 the least index that xi0 = yi0 . Then, the equation
∞∑
g=0
b−gDg(x, y) = hG,wal(; x, y)
holds.
(iii) Let 0 < 1 be an arbitrary real. Then, the inequalities
01 +
∞∑
k=1
rb(, ; k)G,walk(xy)1 + b()
hold.
Proof. The statements (i) and (ii) of Lemma 1 can be proved with techniques similar to those,
used by Dick and Pillichshammer [5].
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(iii) Let 0 < 1 be an arbitrary real. For arbitrary reals x, y ∈ [0, 1), using the obtained
results in (ii), we have
∞∑
k=1
rb(, ; k)G,walk(xy)= 
∞∑
g=0
b−g
bg+1−1∑
k=bg
G,walk(xy)
= 
∞∑
g=0
b−gDg(x, y) = hG,wal(; x, y).
Using the deﬁnition of the function h
G,wal(; x, y), we obtain
1 +
∞∑
k=1
rb(, ; k)G,walk(xy)
=
{
1 + b() if x = y,
1 + b() − b(1−)i0(b() + 1) if x = y. (5)
From (5) for arbitrary reals x, y ∈ [0, 1) we obtain
1 +
∞∑
k=1
rb(, ; k)G,walk(xy)1 + b().
In the case when x = y from (5) we obtain that the inequality
1 +
∞∑
k=1
rb(, ; k)G,walk(xy)1 + b() − b(1−)i0(b() + 1) (6)
holds for each integer i00.
In the case when x = y from (5) we have that the equation
1 +
∞∑
k=1
rb(, ; k)G,walk(xy) = 1 + b() − b(1−)i0(b() + 1) (7)
holds with the deﬁned quantity i00 in (ii) of the lemma.
From (6) and (7) for arbitrary reals x, y ∈ [0, 1) we obtain
1 +
∞∑
k=1
rb(, ; k)G,walk(xy)
1 + b() − b(1−)i0(b() + 1)
1 + b() − (b() + 1) = 1 − 0.
Lemma 1 is ﬁnally proved. 
Let  = (1, 2, . . .), where 112 · · · > 0, be an arbitrary sequence of real weights.
Let
PN = {x0 = (x0,1, x0,2, . . .), x1 = (x1,1, x1,2, . . .), . . . ,
xN−1 = (xN−1,1, xN−1,2, . . .)}
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be an arbitrary net, composed of N1 points in [0, 1)∞. For an arbitrary dimension s1 let
PN,s = {x0 = (x0,1, x0,2, . . . , x0,s),
x1 = (x1,1, x1,2, . . . , x1,s), . . . , xN−1 = (xN−1,1, xN−1,2, . . . , xN−1,s)}
be the projection of the net PN to the ﬁrst s coordinates.
For arbitrary integers 0n,mN − 1 and 1js, let us introduce the notation
G,(, j ; xn,j , xm,j )
= 1
1 + jb()
+ 1
1 + jb()
∞∑
k=1
rb(, j ; k)G,walk(xn,j )G,walk(xm,j ).
Then, from Deﬁnition 1 for the weighted b-adic diaphony F(WG,; , ;PN,s) of the net PN,s
we have the equation
F 2(WG,; , ;PN,s)
= − 1∏s
j=1[1 + jb()] − 1
+
∏s
j=1[1 + jb()]∏s
j=1[1 + jb()] − 1
1
N2
N−1∑
n=0
N−1∑
m=0
s∏
j=1
G,(, j ; xn,j , xm,j ). (8)
For each ﬁxed integers j , n andm such that 1js and 0n,mN−1, using Lemma 1 (iii) the
inequalities 0G,(, j ; xn,j , xm,j )1 hold. Hence, it follows that
∏s
j=1G,(, j ; xn,j ,
xm,j ) is monotonically decreasing with an increasing dimension s. It is also bounded from below
by zero. Therefore,
lim
s→∞
s∏
j=1
G,(, j ; xn,j , xm,j )
exists and hence, from (8) also
lim
s→∞ F(WG,; , ;PN,s)
exists for any net PN of points in [0, 1)∞. Then, we are able to give the next deﬁnition:
Deﬁnition 3. Let > 1be an arbitrary real and = (1, 2, . . .),where 112 · · · > 0 is an
arbitrary sequence of real weights. The limiting weighted b-adic diaphony Flim(WG,; , ;PN)
of an arbitrary netPN , composed ofN1points in [0, 1)∞, which is based on theWalsh functional
systemWG, over the ﬁnite abelian group G with respect to the bijection  is deﬁned as
Flim(WG,; , ;PN) = lim
s→∞F(WG,; , ;PN,s),
where PN,s is the projection of the net PN to the ﬁrst s coordinates.
Let us replace the systemWG, with the Walsh functional system in base 2W(2) and choose
the parameters  = 2 and  = 1 = (1, 1, . . .). Then, from Deﬁnition 3 for an arbitrary net PN ,
composed ofN1 points in [0, 1)∞, we obtain the so-called limiting dyadic diaphony, introduced
by Dick and Pillichshammer [5].
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Theorem 3. For an arbitrary net PN , composed of N1 points in [0, 1)∞, the inequality
Flim(WG,; , ;PN) 1√
N
holds for an arbitrary real  > 1 and an arbitrary sequence of real weights  = (1, 2, . . .) for
which 112 · · · > 0.
Proof of Theorem 3. Let PN be an arbitrary net, composed of N1 points in [0, 1)∞ and for
each ﬁxed dimension s1 let PN,s be the projection of the net PN to the ﬁrst s coordinates.
According to (8) we consecutively have
F 2(WG,; , ;PN,s) = − 1∏s
j=1[1 + jb()] − 1
+
∏s
j=1[1 + jb()]∏s
j=1[1 + jb()] − 1
1
N2
N−1∑
n=0
N−1∑
m=0
s∏
j=1
×G,(, j ; xn,j , xm,j )
 − 1∏s
j=1[1 + jb()] − 1
+
∏s
j=1[1 + jb()]∏s
j=1[1 + jb()] − 1
× 1
N2
N−1∑
n=0
s∏
j=1
G,(, j ; xn,j , xn,j )
= − 1∏s
j=1[1 + jb()] − 1
+
∏s
j=1[1 + jb()]∏s
j=1[1 + jb()] − 1
1
N2
N−1∑
n=0
s∏
j=1
×
[
1
1 + jb()
+ 1
1 + jb()
∞∑
k=1
rb(, j ; k)
]
= − 1∏s
j=1[1 + jb()] − 1
+
∏s
j=1[1 + jb()]∏s
j=1[1 + jb()] − 1
1
N
,
so we obtained the inequality
F 2(WG,; , ;PN,s) − 1∏s
j=1[1 + jb()] − 1
+
∏s
j=1[1 + jb()]∏s
j=1[1 + jb()] − 1
1
N
.
From the last inequality we obtain
F 2lim(WG,; , ;PN) = lims→∞F
2(WG,; , ;PN,s) 1
N
and Theorem 3 is proved. 
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5. Multivariate integration in the weighted Hilbert space HF(b),s,,
Following Aronszajn [1], we will recall the concept of reproducing kernels for Hilbert spaces.
Let F be a class of functions deﬁned on E, forming a Hilbert space. The function K(x, y) of
x, y ∈ E is called a reproducing kernel for F if:
1. for every y ∈ E, K(x, y) as a function of x belongs to F ;
2. the reproducing property: for every y ∈ E and every f ∈ F
f (y) = 〈f (x),K(x, y)〉x .
The subscript x by the inner product indicates that the inner product applies to function of x.
Let  > 1 and  > 0 be ﬁxed real parameters and for an arbitrary integer k0 the coefﬁcient
rb(, ; k) is deﬁned in Deﬁnition 1. For two functions f and g, using the functional systemF(b),
we deﬁne the inner product
〈f, g〉F(b),, =
∞∑
k=0
r−1b (, ; k)f̂F(b)(k)ĝF(b)(k),
where for each integer k0 we have that f̂F(b)(k) and ĝF(b)(k) denote the Fourier coefﬁcients
respectively of the functions f and g with respect to the kth function of the systemF(b). Then,
we can introduce the norm
‖f ‖F(b),, =
√
〈f, f 〉F(b),,.
The weighted Hilbert space HF(b),, is deﬁned as the set of all functions with ﬁnite norm, so
HF(b),, = {f : ‖f ‖F(b),, < ∞}.
Using the functional systemF(b) we deﬁne the kernel
KF(b),,(x, y) =
∞∑
k=0
rb(, ; k)fk(x)fk(y), x, y ∈ [0, 1).
We will prove that the kernel KF(b),,(x, y) is a reproducing kernel for the Hilbert space
HF(b),,. We note the fact that for each integer k0
K̂F(b),,(k, y) = rb(, ; k)fk(y) ∀y ∈ [0, 1)
and hence, we obtain that
‖KF(b),,(x, y)‖2F(b),,,x =
〈
KF(b),,(x, y),KF(b),,(x, y)
〉
F(b),,,x
=
∞∑
k=0
r−1b (, ; k)K̂F(b),,(k, y)K̂F(b),,(k, y)
=
∞∑
k=0
rb(, ; k) = 1 + b() < ∞.
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For each function f ∈ HF(b),, we have〈
f (x),KF(b),,(x, y)
〉
F(b),,,x =
∞∑
k=0
r−1b (, ; k)f̂F(b)(k)K̂F(b),,(k, y)
=
∞∑
k=0
f̂F(b)(k)fk(y) = f (y) ∀y ∈ [0, 1).
Now, we will consider the s-dimensional case. Let  > 1 be an arbitrary real and  =
(1, 2, . . . , s),where 12 · · · s > 0 is an arbitrary vector ofweights. LetHF(b),,1 , . . . ,
HF(b),,s be the corresponding coordinate weighted Hilbert spaces.We deﬁne the s-dimensional
weighted Hilbert space HF(b),s,, as a tensor product of the corresponding coordinate
spaces, i. e.
HF(b),s,, = HF(b),,1 ⊗ · · · ⊗ HF(b),,s .
The inner product of two functions f, g ∈ HF(b),s,, is given as
〈f, g〉F(b),s,, =
∑
k∈Ns0
r−1b (, ;k)f̂F(b)(k)ĝF(b)(k)
and the norm
‖f ‖F(b),s,, =
√
〈f, f 〉F(b),s,,.
The space HF(b),s,, is again a reproducing kernel Hilbert space with a reproducing kernel
given as
KF(b),s,,(x, y) =
∑
k∈Ns0
rb(, ;k)fk(x)fk(y), x, y ∈ [0, 1)s .
We are interested in approximating the integral
Is(f ) =
∫
[0,1)s
f (x) dx, f ∈ HF(b),s,,.
Clearly,
Is(f ) = f̂F(b)(0) = 〈f (x), 1(x)〉F(b),s,, ,
thus, the “representer” of the functional Is(f ) in the reproducing kernel Hilbert space HF(b),s,,
is the function 1(x) = 1, x ∈ [0, 1)s .
Let N1 be an arbitrary ﬁxed integer. We will approximate the integral Is(f ) through quasi-
Monte Carlo algorithm with equal quadrature weights
Qs(f ;PN) = 1
N
N−1∑
n=0
f (xn),
where PN = {x0, x1, . . . , xN−1} is a deterministic net, composed of N points in [0, 1)s .
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We deﬁne the worst-case error for integration in the space HF(b),s,, as
e(F(b); s, , ;PN) = sup
f∈HF(b),s,,,‖f ‖F(b),s,,1
|Is(f ) − Qs(f ;PN)| .
Using the fact that for each function f ∈ HF(b),s,,
f (y) = 〈f (x),KF(b),s,,(x, y)〉F(b),s,,,x ∀y ∈ [0, 1)s,
we obtain the equations
Qs(f ;PN)= 1
N
N−1∑
n=0
〈
f (x),KF(b),s,,(x, xn)
〉
F(b),s,,,x
=
〈
f (x),
1
N
N−1∑
n=0
KF(b),s,,(x, xn)
〉
F(b),s,,,x
.
Using the same technique as in Sloan and Woz´niakowski [22] and Dick and Pillichshammer [6],
we consecutively obtain
Is(f ) − Qs(f ;PN) =
〈
f (x), 1(x) − 1
N
N−1∑
n=0
KF(b),s,,(x, xn)
〉
F(b),s,,,x
and
e2(F(b); s, , ;PN)
=
〈
1(x) − 1
N
N−1∑
n=0
KF(b),s,,(x, xn), 1(x) − 1
N
N−1∑
n=0
KF(b),s,,(x, xn)
〉
F(b),s,,,x
=
∑
k∈Ns0
r−1b (, ;k)̂1F(b)(k)̂1F(b)(k) −
1
N
N−1∑
n=0
∑
k∈Ns0
r−1b (, ;k)̂1F(b)(k)
×K̂F(b),s,,(k; xn) − 1
N
N−1∑
n=0
∑
k∈Ns0
r−1b (, ;k)̂1F(b)(k)K̂F(b),s,,(k; xn)
+ 1
N2
N−1∑
n=0
N−1∑
m=0
∑
k∈Ns0
r−1b (, ;k)K̂F(b),s,,(k; xn)K̂F(b),s,,(k; xm). (9)
The following results can be obtained by some easy calculations:∑
k∈Ns0
r−1b (, ;k)̂1F(b)(k)̂1F(b)(k) = 1, (10)
1
N
N−1∑
n=0
∑
k∈Ns0
r−1b (, ;k)̂1F(b)(k)K̂F(b),s,,(k; xn)
= 1
N
N−1∑
n=0
∑
k∈Ns0
r−1b (, ;k)̂1F(b)(k)K̂F(b),s,,(k; xn) = 1, (11)
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1
N2
N−1∑
n=0
N−1∑
m=0
∑
k∈Ns0
r−1b (, ;k)K̂F(b),s,,(k; xn)K̂F(b),s,,(k; xm)
= 1
N2
N−1∑
n=0
N−1∑
m=0
∑
k∈Ns0
rb(, ;k)fk(xn)fk(xm). (12)
From (9)–(12) we obtain that
e2(F(b); s, , ;PN) = −1 + 1
N2
N−1∑
n=0
N−1∑
m=0
∑
k∈Ns0
rb(, ;k)fk(xn)fk(xm). (13)
From Deﬁnition 1 for the weighted b-adic diaphony of the net PN we have that⎡⎣ s∏
j=1
[1 + jb()] − 1
⎤⎦F 2(F(b); , ;PN)
= −1 + 1
N2
N−1∑
n=0
N−1∑
m=0
∑
k∈Ns0
rb(, ;k)fk(xn)fk(xm). (14)
From (13) and (14) we obtain that
e(F(b); s, , ;PN) =
√√√√ s∏
j=1
[1 + jb()] − 1 · F(F(b); , ;PN).
Finally, we prove the next theorem:
Theorem 4. Let PN = {x0, x1, . . . , xN−1} be an arbitrary net, composed of N1 points in
[0, 1)s . The worst-case error e(F(b); s, , ;PN) of the integration in the space HF(b),s,,,
which is based on using the netPN , and the weighted b-adic diaphony of the netPN are connected
with the equation
e(F(b); s, , ;PN) =
√√√√ s∏
j=1
[1 + jb()] − 1 · F(F(b); , ;PN).
Let us make the following choice of the parameters in Theorem 4: We choose the functional
systemF(b) to be the Walsh functional systemW(b) in base b, the real  = 2 and the vector 
of weights  = 1 = (1, . . . , 1). From Theorem 4 we obtain the next:
Corollary 2. Let PN = {x0, x1, . . . , xN−1} be an arbitrary net, composed of N1 points in
[0, 1)s . The worst-case error e(W(b); s, 2, 1;PN) of the integration in the space HW(b),s,2,1,
which is based on using the net PN , and the b-adic diaphony of the net PN are connected with
the equation
e(W(b); s, 2, 1;PN) =
√
(1 + b)s − 1 · F(W(b);PN).
The result, obtained in Corollary 2, was already obtained by Dick and Pillichshammer [7].
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6. Proofs of Theorems 1 and 2
Lemma 2. (i) Let  > 1 and  > 0 be arbitrary reals. For x ∈ [0, 1) let the function b(, ; x)
be deﬁned in Theorem 2. Then, for each integer k0 the kth Fourier coefﬁcient ̂F(b)(, ; k) of
the function b(, ; x) with respect to the systemF(b) satisﬁes the equation
̂F(b)(, ; k) = rb(, ; k).
(ii) For an arbitrary vector of real weights  = (1, 2, . . . , s), where 12 · · · s > 0
and x ∈ [0, 1)s let the function 
b(, ; x) be deﬁned in Theorem 2. Then, for each vector k ∈ Ns0
the kth Fourier coefﬁcient 
̂F(b)(, ;k) of the function 
b(, ; x) with respect to the system
F(b) satisﬁes the equations

̂F(b)(, ;k) =
{
0 if k = 0,
rb(, ;k) if k = 0.
Proof. (i) For each integer k0 the equation
̂F(b)(, ; k)
=
∫ 1
0
[ [1 + (b − 1)]b − b
b − b − 
b(b − 1)
b − b b
(−1)logb x
]
fk(x) dx (15)
holds.
Let k = 0. Then, from (15) we obtain that
̂F(b)(, ; 0)
= [1 + (b − 1)]b
 − b
b − b − 
b(b − 1)
b − b
∫ 1
0
b(−1)logb x dx
= [1 + (b − 1)]b
 − b
b − b − 
b(b − 1)
b − b
∞∑
	=0
∫ b−	
b−(	+1)
b(−1)logb x dx
= [1 + (b − 1)]b
 − b
b − b − 
b(b − 1)
b − b
∞∑
	=0
∫ b−	
b−(	+1)
b−(−1)(	+1) dx
= [1 + (b − 1)]b
 − b
b − b − 
b(b − 1)
b − b = 1. (16)
Let k1 be an arbitrary integer and the integer g0 is deﬁned such that bgk < bg+1. Then,
from (15) we have that
̂F(b)(, ; k)
= −b
(b − 1)
b − b
∫ 1
0
b(−1)logb xfk(x) dx
= −b
(b − 1)
b − b
{∫ b−(g+1)
0
+
∫ b−g
b−(g+1)
+
∫ 1
b−g
}
b(−1)logb xfk(x) dx. (17)
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We will prove the following equations:∫ b−(g+1)
0
b(−1)logb xfk(x) dx = b − 1
b(b − 1)b
−g, (18)
∫ b−g
b−(g+1)
b(−1)logb xfk(x) dx = − 1
b
b−g, (19)
∫ 1
b−g
b(−1)logb xfk(x) dx = 0. (20)
For x ∈ [0, b−(g+1))wehave thatfk(x) ≡ 1.Then, using the deﬁnition of the function logb x,
we obtain∫ b−(g+1)
0
b(−1)logb xfk(x) dx
=
∞∑
	=g+1
∫ b−	
b−(	+1)
b(−1)logb x dx =
∞∑
	=g+1
∫ b−	
b−(	+1)
b−(−1)(	+1) dx
= b − 1
b
∞∑
	=g+1
b−	 = b − 1
b(b − 1)b
−g,
so Eq. (18) is proved.
For each integer k1 using the properties (c) and (d1) of the functions fk(x), we can prove
that
∫ b−g
0 fk(x) dx = 0. From the deﬁnition of the function logb x we consecutively obtain∫ b−g
b−(g+1)
b(−1)logb xfk(x) dx = b−(−1)(g+1)
∫ b−g
b−(g+1)
fk(x) dx
= b−(−1)(g+1)
[∫ b−g
0
fk(x) dx −
∫ b−(g+1)
0
fk(x) dx
]
= −b−(−1)(g+1)
∫ b−(g+1)
0
dx = − 1
b
b−g
and Eq. (19) is proved.
We consecutively have the next equations∫ 1
b−g
b(−1)logb xfk(x) dx
=
g−1∑
	=0
∫ b−	
b−(	+1)
b(−1)logb xfk(x) dx
=
g−1∑
	=0
b−(−1)(	+1)
∫ b−	
b−(	+1)
fk(x) dx
=
g−1∑
	=0
b−(−1)(	+1)
(b−1)bg−1−	−1∑
h=0
b−1∑
=0
∫ bg−1−	+h
bg
+ +1
bg+1
bg−1−	+h
bg
+ 
bg+1
fk(x) dx. (21)
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For each ﬁxed integers 	 and h such that 0	g−1 and 0h(b−1)bg−1−	−1 and arbitrary
, 0b − 1 let us introduce the notation bg−1−	+h
bg
+ 
bg+1 = 0, h0h1 . . . hg−1, where the
digits h0, h1, . . . , hg−1 are ﬁxed. Using the supposition for the values of the functions fk(x) on
the intervals of the form [ bg−1−	+h
bg
+ 
bg+1 ,
bg−1−	+h
bg
+ +1
bg+1 ) and the properties (c) and (d1), we
obtain
b−1∑
=0
∫ bg−1−	+h
bg
+ +1
bg+1
bg−1−	+h
bg
+ 
bg+1
fk(x) dx = 1
bg+1
⎡⎣b−1∑
=0
Ck(h0, h1, . . . , hg−1, )
⎤⎦ = 0. (22)
From (21) and (22) we obtain Eq. (20).
From (17)–(20) we obtain that the equation
̂F(b)(, ; k) = b−g (23)
holds for each integer k1 such that bgkbg+1.
From (16) and (23) for each integer k0 the equation ̂F(b)(, ; k) = rb(, ; k) holds.
(ii) Let k = (k1, . . . , ks) ∈ Ns0 be an arbitrary vector. Using the results obtained in (i) of the
lemma, we consecutively obtain

̂F(b)(, ;k)=
∫
[0,1)s
⎡⎣−1 + s∏
j=1
b(, j ; xj )
⎤⎦⎡⎣ s∏
j=1
fkj (xj )
⎤⎦ dx1 . . . dxs
= −
s∏
j=1
∫ 1
0
fkj (xj ) dxj +
s∏
j=1
∫ 1
0
b(, j ; xj )fkj (xj ) dxj
= −
s∏
j=1
∫ 1
0
fkj (xj ) dxj +
s∏
j=1
̂F(b)(, j ; kj )
= −
s∏
j=1
∫ 1
0
fkj (xj ) dxj +
s∏
j=1
rb(, j ; kj ). (24)
If k = 0 then, from (24) we obtain that

̂F(b)(, ; 0) = 0.
If k = 0 then, an index , 1s exists such that k = 0. Then,
∫ 1
0 fk(x) dx = 0 and from
(24) we obtain

̂F(b)(, ;k) = rb(, ;k).
Lemma 2 is ﬁnally proved. 
Proof of Theorem 1. For an arbitrary real  > 1 and an arbitrary vector  = (1, 2, . . . , s)
with nonincreasing positive weights the equation∑
k∈Ns0,k =0
rb(, ;k) =
s∏
j=1
[1 + jb()] − 1 (25)
holds.
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In Grozdanov and Stoilova [12] the Weyl criterion (see also Kuipers and Niederreiter [15])
was proved in the terms of the functions of the systemF(b). So, the sequence  = (xn)n0 is
uniformly distributed in [0, 1)s if and only if the equation
lim
N→∞
1
N
N−1∑
n=0
fk(xn) = 0
holds for each vector k ∈ Ns0 and k = 0.
Let the sequence  be uniformly distributed in [0, 1)s . Then, for an arbitrary  > 0 there exists
an index N = N()1, such that for each integer NN the inequality∣∣∣∣∣ 1N
N−1∑
n=0
fk(xn)
∣∣∣∣∣ < 
holds for each vector k ∈ Ns0 and k = 0. Then, using (25) for an arbitrary  > 1, an arbitrary
vector with nonincreasing positive weights  and each integer NN, we have
F 2N(F(b); , ; ) < 2
1∏s
j=1[1 + jb()] − 1
∑
k∈Ns0,k =0
rb(, ;k) = 2,
so
lim
N→∞FN(F(b); , ; ) = 0.
Let for an arbitrary  > 1 and an arbitrary vector with nonincreasing positive weights  the
above equation holds. Let k ∈ Ns0 and k = 0 be an arbitrary ﬁxed vector. The inequality∣∣∣∣∣ 1N
N−1∑
n=0
fk(xn)
∣∣∣∣∣ 
√∏s
j=1[1 + jb()] − 1
rb(, ;k) FN(F(b); , ; )
gives that
lim
N→∞
1
N
N−1∑
n=0
fk(xn) = 0,
hence, the sequence  is uniformly distributed in [0, 1)s . 
Proof of Corollary 1. Let > 1be an arbitrary real and = (1, 2, . . . , s),where 12 · · ·
s > 0 is an arbitrary vector of weights. Let g1 be an arbitrary ﬁxed integer. From Deﬁnition
1 and the estimation that for each integer N1 and an arbitrary vector k ∈ Ns0 |SN(fk; )|1
we have the inequality
F 2N(F(b); , ; ) 
1∏s
j=1[1 + jb()] − 1
∑
k∈C∗s (bg)
rb(, ;k)|SN(fk; )|2
+ 1∏s
j=1[1 + jb()] − 1
∑
k ∈C∗s (bg)
rb(, ;k). (26)
512 V. Grozdanov / Journal of Complexity 22 (2006) 490–513
The following equations:∑
k ∈C∗s (bg)
rb(, ;k) =
∑
k∈Ns0,k =0
rb(, ;k) −
∑
k∈C∗s (bg)
rb(, ;k), (27)
∑
k∈C∗s (bg)
rb(, ;k) =
s∏
j=1
[
1 + jb() −
jb()
bg(−1)
]
− 1 (28)
hold.
From (25), (27) and (28) we obtain∑
k ∈C∗s (bg)
rb(, ;k) =
s∏
j=1
[1 + jb()] −
s∏
j=1
[
1 + jb() −
jb()
bg(−1)
]
 s1b()[1 + 21b()]
s−1
bg(−1)
. (29)
The inequalities (26) and (29) prove the statement of Corollary 1. 
Proof of Theorem 2. For each vector k = (k1, . . . , ks) ∈ Ns0 we have fk(x) =
∏s
j=1 fkj (xj ),
x = (x1, . . . , xs) ∈ [0, 1)s . Let x = (x1, . . . , xs) ∈ [0, 1)s and y = (y1, . . . , ys) ∈ [0, 1)s be
such that for each integer j , 1js the coordinates xj and yj satisfy the conditions (C1) or
(C2). Then, using the second equation of (4), we have that
fk(xy) = fk(x) · fk(y). (30)
Let for each integer N1 N = {x0, x1, . . . , xN−1} be an arbitrary net, composed of N points
in [0, 1)s , such that the coordinates of all points xn satisfy the conditions (C1) or (C2).
In Lemma 2(ii) the Fourier coefﬁcients for the function 
b(, ; ·) with respect to the system
F(b) are calculated. Hence, using Eq. (30) we consecutively obtain
1∏s
j=1[1 + jb()] − 1
1
N2
N−1∑
n=0
N−1∑
m=0

b(, ; xnxm)
= 1∏s
j=1[1 + jb()] − 1
1
N2
N−1∑
n=0
N−1∑
m=0
∑
k∈Ns0,k =0
rb(, ;k)fk(xnxm)
= 1∏s
j=1[1 + jb()] − 1
∑
k∈Ns0,k =0
rb(, ;k) 1
N2
N−1∑
n=0
N−1∑
m=0
fk(xn)fk(xm)
= 1∏s
j=1[1 + jb()] − 1
∑
k∈Ns0,k =0
rb(, ;k) 1
N2
N−1∑
n=0
fk(xn)
N−1∑
m=0
fk(xm)
= 1∏s
j=1[1 + jb()] − 1
∑
k∈Ns0,k =0
rb(, ;k)
∣∣∣∣∣ 1N
N−1∑
n=0
fk(xn)
∣∣∣∣∣
2
= F 2(F(b); , ; N).
Theorem 2 is ﬁnally proved. 
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We note that the results about the weighted b-adic diaphony and the limiting weighted b-adic
diaphony were announced in Grozdanov [9].
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